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Abstract In [1] I studied the concept of Smarandache n-expressions, for example I proposed 
formulas, found solutions, proposed open questions, and conjectured, but all for the fixed 3, 
and 2 numbers, but what will happen if these equations have different fixed numbers such as 


7? This paper will answer this question. 
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81. Introduction 


In [4] M. Perez and E. Burton, documented that J. Castillo [5], asked how many primes 


are there in the Smarandache n-expressions: 
af? + af to bat, 


where n > 1, %1,%2,-++ ,%m > 1, and (x1, %2,---%,) = 1. 
In this paper, with only slight modification of the above equation we got the following 
equation namely: 
a®) 4 gt? 4.6.4 a, 


where a > 1, @1,%2,°+* ,Um > 1, and (4,21, %2,--- ,@,) =1. 


§2.Main results and proofs 


I will study the following cases of above equation. 
Case 1. The solution of equation (1) is given by 


PTI + 7 +79 = k?, (1) 


where p = 2m, q=2m+1,r=2m+2, s=2m+3, and k = 20-7™. 
Proof. Assume k = 20-7", then k? = 400 - 77m, ie. 


= 400-77" = (1+ 74+49 4+.343)77" = 72 4 72rd 4 pare | ams | 


Hence p = 2m, q=2m+1,r=2m+2, and s = 2m+3. 
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The first 11th solution of (1) is given in Table 1 below: 


Table 1 
m | 7-4-7947 478 ke 
i) Pare ay 20° 
1 | 72473474475 140? 
9 744.75 4.76 4.77 980? 
3 | 7477478479 68607 
4 | 74794 7104 711 48020 
5 | 704 711 4 7124 713 336140? 
6 | 724718 47144715 93599892 
7 | 74471547164 717 164708602 
8 | 76471747184 719 1159960202 
9g | 7184719 47204721 9979721402 
10 | 7204+ 721 47224723 5649504982 


The first terms and the m-th terms of the sequence (the last column on Table 1 are:) 


400, 9600, 960400, 4705900, --- ,20-2-72™,.... (2) 


20, 140, 980, 68600, --- ,20-72™,.-. (3) 


I have noticed there is no prime numbers in geometric series (3), (excluding the prime 7). 
The 


: 3 , 


10(7™ 
3 


and there is no limit, since =) becomes large as m approach infinity. The sequence has 


no limit, therefore it is divergent, but the summation of reciprocal convergent. 


Equation (1) has the following important properties, i.e. 
Pete T+ = @H-Pae-PaP-Pag-Wa/-Kk (4) 
= P-PH0 -—P av -—v* =u? — 2’. 
The solution of (4) are 
a=25-7"-!) b=15-7% 1, c=100-77°°2 +1, 
d=100°7" =1, ¢=5067" * 42, f=50. 7"? —2, 
g=4-77-727495, h=4-77"-2- 295, i= 10-72"-1 +4 10, 
k=10:77"-*-10, 7 =50+77" "420, 1=50-7°"-* — 20, 


o=77"-14100, ¢=77"-1-100, u=2-77"-1+50, 
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v=2-77"-1_ 50, w= 25-777 144, = 25-77 1-4, 
For example, let n = 2 (m = 1), then we always have n = m+ 1. 
49017 — 4899? = 2452? — 2448? = 2217 — 171? = 500? — 480? 


2657 — 2257 = 1497 — 51? = 148? — 48? = 12297 — 1221? 
140? = 77+ 73 +744+7°. 


175? — 105? 


Conjecture 1. If p, g, r, s are distinct prime numbers, then the equation 
PATI tT 479 =k’, 
will has no solution, (otherwise we have solutions in prime numbers, such as 
P4+P4Ps+7 =14", 


and 
74747473 = 287.) 


Case 2. The solution of equation (5) is given by 


PHIL +7 =k, (5) 


where p= q=2m,r=s=2m+4+1,andk=4-7™. 
Proof. Assume k = 4-7”, then k? = 16-7?m, ie. 


k? —16- 7am — (1 ae 1 le Tae nr — 7am a 7am ae qamt1 ae qam+1 


Hence p=q=2m,r=s=2m+1. 
The first 11th solution of (5) is given in Table 2 below: 


Table 2 
m |) Peer 4 7 ke 
0 79 4.704 714 71 4? 
1| 24747473 28° 
9 74474475 4 75 196? 
3 76 4764.77 4.77 1372? 
4 78 4.78 4.79 4 79 96042 
5 | 7104 7104 711 4 711 672287 
6 | 712 4.712 4 713 4 713 470596? 
7 | 71447144715 4715 39941722 
g | 71647164 7174717 939599042 
g | 71847184 7194719 1614144282 
10 | 7204 7204 7214721 41299009962 
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Equation (5) has the following important properties, i.e. 
P+MIt 747 =e -—Pat-P=e?— f=g’—h’, (6) 
where the solution of (6) are 
a=5-71, b=3-7, c= 4-7" 7441, d=4-77-2~-1, 
e=2-7 742, fa2 78? 2, ga 77 +4 ha 4 
For example, let n = 2 (m = 1), then we have 
35° — 212 197? — 195° = 1007 — 967 = 53” — 45° 
= 27 =74+ 74747. 
Case 3. The solution of equation (7) is given by 
P4147 +79 = k?, (7) 
where p = q= 2m, r=s=2m+2, andk=10-7™. 
Proof. Assume k = 10-7”, then k? = 100- 7?m, ie. 
k? = 100 ‘ 7am _ (i 4 1 4+ 49 4 49)72™ _ 72m 72m pam 7am te 
Hence p=q=2m,r=s=2m+2. 
The first 11th solution of (7) is given in Table 3 below: 
Table 3 
m 7? +7147" + 7% k? 
0 P+ 747477 10? 
1 P+7+7+74 Ty 
2 744 74475 + 7 490? 
3 76 + 76 + 78 + 78 3430? 
4 78 + 78 + 710 4 710 24010? 
5 | 704.7104 712 4 712 1680707 
6 | 724 7124 714 + 714 1176490? 
7 | 744714 + 716 + 716 8235430? 
8 | 764 7164 7184718 576480107 
9 | 784.7184 7294779 4035360707 
10 | 770+ 77 + 77274772 98947524907 
Equation (7) has the following important properties, i.e. 
7P 704 7 479 = kt = a? +B, (8) 


where the solution of (8) are 


aR, 


b=6-7""1. 
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For example, let n = 2 (m= 1), then we have 
747° +71 +74 = 567 + 42? = 70°. 
Case 4. The solution of equation (9) is given by 
PTT +79 = k?, (9) 
where p=q=r=s=2m,andk=2-7™. 
Proof. Assume k = 2-7”, then k? = 4-7?m, ice. 
k? =A 7am = (1 4 1 4 1 zl il igi _— 7am 7am qamt+2 qamt2 
Hence p= q=r=s=2m. 
The first 11th solution of (9) is given in Table 4 below: 
Table 4 
m 7? +7947" 4 78 k? 
0 7° + 79 +79 +79 2? 
1 PHP+P+7 14? 
2 7+744+74+74 98? 
3 76 + 76 + 76 + 76 6867 
4 73 +78 +78 + 78 4802? 
5 | 704. 710 + 710 4 710 33614? 
6 | 7124712 + 712 4 712 235298? 
7 | 7447447144714 1647068? 
8 | 716471647164 716 115296027 
9 | 784 71847184 718 80707214? 
10 | 72° 4+ 770 + 7294 770 564950498? 
Equation (7) has the following important properties, i.e. 
PLT +7 =k? +k, =a? +0’. (10) 


where kj = 2-7” anda=10-7™. 


Examples of equation (10): 


1) 2? + 4? = 10? + 10?, (divided both sides by 2 given 1? + 7? = 5? + 5?) 
2) 147 + 98? = 70? + 707, (divided both sides by 14 given 1? + 7? = 5? + 5?) 
3) 987 + 6867 = 490? + 4907. (divided both sides by 98 given 1? + 7? = 5? + 5?) 


These examples suggested a formula that gives three perfect squares which are in the 


arithmetic progression. So for the positive m and n with m > n, put 


gz =2mn—m? +n’, 


yam? +n’, 
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z=2mn+m? —n?, 
such as 
tyra 22ta?. 
So if m= 2, n =1, then we will have 
Parar eo, 
Case 5. The solution of equation (11) is given by 
P4747 479 = 24.5%. 7, (11) 


where p = 2m+ 1, q=2m+2,r=2m+3, and s=2m+4. 
Proof. Assume 2*-5?-7?™+1, is the sum of equation (11), then 


Da Be Ta C1 A Ag a re eee ere, 


Hence p= 2m+1, q=2m+2,r=2m+3,5=22m+4. 
The first 7th solution is given in Table 5 below: 
Table 5 


P4747 4798 of.52.7P 
7T472473474 94.52.71 
7474475478 24.52.78 
7476477478 94.52.75 
P79 4-710 94.52.77 
79 + 710 a 7 + 7i2 94 : 52 i 79 
7il at 7i2 ca 7is ait 7i4 94 . 52 . qi 
7is a. 7i4 ae. 7is aif 716 94 : 52 . 7is 


ano F wn Fr OO] 8 
~I 
a 
+ 
~] 
ioe) 
| 


The first terms and the m-th terms of the sequence (the last column on Table 5 are:) 
24.52.71 of.52.78 94.52.75 0. ot 52. 2mtd (12) 
where the square roots are 
20.7", BaF". BOeP B07, st0y BONG? os. (13) 


Notice that there is no prime numbers in geometric series (13). 


The 
10- 71/2 . 72m+1 —1 


3 d 


3 90 . 72#+1/2 — 


and there is no limit, since —— becomes large as m approach infinity. The sequence 
has no limit, therefore it is divergent, but the summation of reciprocal convergent. 


Conjecture 2. If p, g, r, s are distinct prime numbers, then the equation 


Pe aah Ag? aS oe 
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has no solution. 


Case 6. The solution of equation (11) is given by 
7? TT 47 47% = OF. DP, 


where p= q=2m+1,r=s=2m+2. 
Proof. Assume 2+ - 7?”+! is the sum of equation (14), then 


94 . qamt+1 = (1+ L474 neo = qam+1 qamt1 qamt2 qamt2 


Hence p= q=2m+4+1,r=s=2m+2. 
The first 11th solution is given in Table 6 below: 
Table 6 


TP 4774 7" + 7% 20.7 
7 4 7 iis, 72 Bis. 72 94. 71 
73473 4 74 4 74 94.73 
PEP ae LP 94.75 
77 77 78 78 94 7 
Pe OE 
qi qi 7i2 7i2 94 ; 7il 
713 713 7i4 7i4 94 ‘ 713 
71540715 4.716 4 716 94, 715 
717 40717 4718 4.718 94. 717 
719 4 719 4.720 4 720 94,719 
94 . 721 


Oo MONDO RF WHY fF O]B 
~] 
Ke} 
“I 
Ke} 
~] 
pal 
oO 


i 
So 
x] 
bo 
a 
~I 
i) 
a 
x] 
i) 
bo 
x] 
i) 
bo 


If we look deeply in equation (11), (14), we can find the following relation 
204 — 24 = 97? — 95? = 50? — 46? = 28? — 207. 
Case 7. The solution of equation (15) is given by 
PP aFe GT AP a DO Be 7, 


where p= q=2m+1,r=s=2m+3. 
Proof. Assume 2? - 5? -7?”*1!, is the sum of equation (15), then 


9? : 52 : qamt+1 = (1 ae 1 ae 49 ae Loyerer = qamt1 Ae qamt+1 zi qamt+3 ae qamt3 


Hence p= q=2m+1,r=s=2m+2. 
The first 11th solution of (15) is given in Table 7 below: 
Table 7 
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m 7P 4794.77 4°78 92.52. 7? 
0 747473473 a ew fe 
1 BP+tB+P+7 2 btn 
2 P47 477477 2h 7 
3 T+ +7P+79 2 hes 7! 
4 794.794 7114 71 92.52.79 
5 | 7ila 7ll4 71347138 92.52.71 
6 | 718 4.713 47154715 92.52. 713 
7 | 7154718 4717 4.717 92.52. 715 
g | 7174717 4.719 4719 92.52. 717 
9g | 7194719 4 7214721 92.52. 719 
10 | 721 4.721 4.723 4.723 92.52. 721 


case 8. The solution of equation (16) is given by 


TP 4794.7" +75 = 1201-27. 5? 


where p = 2m, q= 2m+2,r=2m+4,s=2m+6. 


Proof. Assume 1201 - 2? -5?-7?”*!, is the sum of equation (16), then 


7, 


1201 - 27.57. 72+! — (1 4.49 + 2401 + 117649)7°" = 7°" 


Hence p= 2m, q=2m+2,r=2m+4, s=2m+6. 
The first 11th solution of (16) is given in Table 8 below: 


qamt2 72m+4 7amt+6 


Table 8 
m| 7?+724+7 +79 1901 «2757.7? 
0 P+7+74+75 1201 <2? 45757" 
1 +74 +78 478 1201437357477 
2) 74+476+78+7'0 1201.27.52. 74 
3 | 478+ 7047 1901-27-5?-78 
4 | 7471947124714 1201-27. 52.78 
5 | Op 74 rie ye 1201.2? . 57.710 
6 | 7474 74447164718 1901.27.57. 712 
7 |) Petpet pe.) 1201~2?+57.7™ 
8 | 7164718 47204722 1901.27. 57.716 
Q | 78 4.770 4722.4 724 1901.27 57.78 
10 | 729 4 72? 4.7244.796 1901 . 27. 5? . 720 


Case 9. The solution of equation (17) is given by 


TP 4794.7" +75 = 1201-27-52. 7?, 


(16) 


(17) 
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where p = 2m+ 1, q=2m+3,r=2m+5, s=2m+7. 


Proof. Assume 1201 - 2? -5?-7?™*!, is the sum of equation (17), then 


1201 - 2? 57. 77+ — (1 + 49 + 2401 + 117649)79 4? = 72H 4 pms 4 pamtS Lam t7, 


Hence p= 2m+1, q=2m+3,r=2m+5, s=22m+7. 
The first 11th solution of (17) is given in Table 9 below: 
Table 9 


TPT 4 TT + 78 1201 - 2? . 52.7? 
T+ PaP+7 1901527 < 5? <7* 
P+_P+7 +79 1201.<2? «57-79 
P+ 77 +79 47 1201 +2? - 67.75 
47475147 1201-2?-57-77 
1201.9" 257 <7? 
TO4 Pe 47S 47" 1201-2? + 57-7 
ToDo 47 479 1201-27. 57-7 
Tee Pr e747) 1201-27. 57-7 

7 

7 


77 719 721 723 1201 - 92 3 52 . 
739 4.721 4.728 4725 1901. 22. 52. 
LTS PPE 1901-9? 252s 77! 


Oo ON Ao KF ww Fr OB 
“I 
© 
+ 
“I 
= 
= 
T 
“I 
= 
w 
+ 
“I 
aa 
ao 


ee 

j=) 

~] 
i) 
Be 


Case 10. The solution of equation (18) is given by 


PETIT + TET tM tT + TY 47% = 1201. 2°57. 7?, (18) 


where p=m,q=m+1l1,r=m+2,s=m+3,t=m+4,u=m+5,w=m4+6,z=m+7. 


Proof. Assume 1201 - 2? -5?-7?”*!, is the sum of equation (18), then 


1201.27.57. 72" — (14 49 + 2401 + 117649) 77"! = pet 4 peers 4 pas 4 eer 


Hence p=m, q=m4+1,r=m+2,s=m+3,t=m+4,u=m+5,w=m+6,2=m-+7. 
The first 11th solution of (18) is given in Table 10 below: 
Table 10 
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m TPA TTA T ATS + TEE TE LT! 47 1201 - 25.5? . 7? 
0 [47474747474 7477 1201 - 25.52.79 
1 747474747 4+79477°4+78 1201 -2°-5?. 71 
2 P4774 747 47% +77 478479 1201 - 2°. 52-7? 
3 P4744 74+ 7477 + 78 +79 +710 1901 «2? 52 
4 T+ 75478 477 + 78 4 79 4 710 4 71 1201 +2? 57.74 
5 7476 4.77 4 78 4.79 4.710 4 7il 4 712 1201 - 25.52.75 
6 74774 78479 4 7104 7 4 712 4 718 1201 - 25.5? . 76 
7 Te +78 ak 79 4.710 =i: 7il4 7124 713 4 714 1201 - 25.52.77 
8 78 79 710 7 7i2 | 7is 7i4 7is 1201 - 2° 252.78 
9 79 710 7il 7i2 7is 7i4 71s 716 1201 - 2° .52.79 
10 | 7294+ 7424.72 4.713 47144715 4.716 4.717 1201-25-52. 710 
Case 11. The solution of equation (19) is given by 


PAT Le Pe eT r=, 


where p=q=r=s=t 


U 


w= z=3m. 


Proof. Assume k = 2-7™, then k? = 2° - 73™, ie. 


a 


8-7" =(1+1+14+14 
7am 4 78m 1 73m 1 738m 


Hence p=q=r=s=t 


U 


w= z=3m. 


The first 11th solution of (19) is given in Table 11 below: 


b1+1+1+41)7°" 
rie 73m 4 78m 1 78m 1 sm, 


Table 11 
m PTTL Th TE 4 TE TY TY 4 7? k3 = 23 .:73m 
0 70 79 479 479 79 70 470 4 70 23 
1 P+ P+ F+P+P74+74+7+73 148 
2 76 4.78 4.75 1 76 1 76 4.76 4 76 4 76 983 
3 P+ P47 479 +79 479479 479 686? 
4 7i2 7i2 7i2 7i2 7i2 7i2 7i2 7i2 48023 
5 7is sigs 7is Ate 7is ais 7is ats 7is site 7is ats 7is ate 7is 336143 
6 718 ae 718 Ge 718 ais 718 ats 718 Gt 718 ais 718 ate 718 2352983 
7 72l aie, 721 mies 721 7 721 ae 721 ate 721 ae 721 ah 721 16470682 
8 724 we 724 4 724 4 724 a 724 LL 724 LL 724 as 724 115296022 
9 727 727 727 727 727 727 727 727 807072142 
10 | 72° +730 + 730 4.730 4 730 4 730 4 730 4 730 5649504983 


I find interesting identity like this: 


(19) 
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1) 14° — 23 = 685? — 683? = 344? — 340? = 175? — 167?, 
2) 983 — 143 = 234613? — 234611? = 117308? — 117304? = 58657? — 586497, and so on. 


§3. Open questions 


The following equations have infinitely many solutions, find them. 
1) —7? +77 —7° +78 =3.-27.5%.7? ( has two different solutions), 
2) 7? +77 =23.7?, 

3) 7? +77 =2-57-7?. 
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